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Abstract: In this paper, subspace predictive control strategy is applied to design predictive controller. Given the state space
model, the output estimations corresponding to the predictive output is derived to be one explicit function of the measured
input-output data. Then using these output estimations, the problem of designing predictive controller is formulated as one
optimization problem with equality and inequality conditions. In order to solve this constrain optimization problem, we use dual
decomposition idea to change the original constrain optimization problem into an unconstrain optimization problem. So the
classical gradient algorithm is put forth to solve the primal dual optimization problem. The problem of designing dual
decomposition controller is studied for subspace predictive control strategy under fault condition. For state space equation with
fault condition, we establish one function form between fault and residual using only input-output measured data sequence, and
construct one least squares optimization problem to obtain fault estimation. The statistical property about residual is analyzed
based on our derived output prediction, then the Kronecker product is used to derive the detailed structure corresponding to
residual vector at every time instant. After substituting our output prediction into objective function of predictive control, one
quadratic programming problem with equality and inequality constraints is considered. For solving this constrained optimization
problem, fast gradient method is not suited for this complex optimization problem, as one regularization term is added in our
objective function. So in order to solve this complex quadratic optimization problem, we propose a dual decomposition idea so
that this dual decomposition idea can convert the former constrained optimization into unconstrained optimization, then one
nearest neighbor gradient algorithm is given to solve its optimal value.
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1. Introduction

Subspace predictive control is from the idea of subspace  control method, due to its combination with system

identification, whose goal is to construct one mathematical
equation corresponding to the considered plant using only
input-output measured sequence. During subspace
identification process, each matrix in state space equation is
identified by wusing the basic matrix singular value
decomposition strategy, as this basic strategy is applied to
decompose a matrix constituted by past and future
input-output measured sequence. Instead subspace predictive
control can construct the future prediction of output directly
from input-output measured sequence, and avoid constructing
the state space equation, i.e. state space equation is not needed
to be identified from estimated state sequence.

Subspace predictive control is one of special data driven

identification and predictive control and its ability to obtain
output prediction directly by measured sequence, which is
very important in predictive control theory. The basic output
prediction in subspace predictive control is proposed in [1],
and [2] compares this output prediction and another value
coming from iterative correction tuning control, and the
equivalence between these two output predictions can be
guaranteed through introducing one pre-filter. In [3], a novel
subspace predictive control algorithm based on subspace
identification was studied to solve actuator saturation
limitations in a range of active vibration and noise control
problems, and Meanwhile the subspace predictive control
permitted limitations on allowable actuator saturation. An
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upper bound of maximum number of possible iteration steps is
derived in subspace predictive control, and the proposed
subspace predictive control is realized in an example of
helicopter [4]. When imposing the lower and upper bounds
constraint conditions on the faults, a fast gradient method was
applied to solve this problem, based on fault estimations the
subspace predictive control was proposed to solve an
optimization problem with linear matrix inequality
constraints.

2. Problem Description

Consider the following stochastic discrete time state space
model.

{x(kﬂ) = Ax(k)+ Bu (k) + Ef (k) + Fw(k) 0

y(k) = Cx(k)+Du(k)+Gf (k) +v (k)

where equation (1) is a multi-input and multi-output state
space model, and

x(k)OR",y(k)OR ,u(k)OR™, f(k)OR"

denote state variable, output, control variable and fault
respectively. Matrices 4,B,C,D,E,F,G are real bounded
matrices with approximate dimensions, and their dimensions
are determined by the dimensions of matrices

x(k),y(k), u(k) andw(k),v(k). Disturbs include process
noise w(k) OR"™ and measurement noise v(k) Or' , further

process noise w(k)DR”“‘ and measurement noise are all

assumed to be white Gauss noise with zero mean.
In system identification academic, input-output state space
relation (1) is always rewritten as following innovative form.

{fc(k +1) = A% (k) + Bu (k) + Ef (k) + Ke (k) o
y(k) = Cx(k)+Du(k)+Gf (k) +e(k)
where innovation e(k) is defined as that.

e(k) = y(k)-Cx(k) - Du(k)-Gf (k) 3)

where K is the Kalman gain matrix, innovation e(k) is
determined by process noise w(k)DR”“‘ and measurement

noise v(k) OR', here the variance of innovation e(k) isg,.

The advantage of rewriting state space equation (1) as

innovative form (2) is that the strong consistent estimation of
innovative form (2) can be identified in closed loop condition
based on subspace identification theory [6]. In classical

Kalman filter theory [7], u(k) and y(k) are two
deterministic variables, then after substituting the definition of
innovation e(k) into state space equation with innovation

form, one closed loop input-output relation is obtained.

{fc(k +1) = (4=KC)i (k) +(B-KD)u(k) +(E -KG) f (k) + Ky(k) ()
y(k) = C& (k) +Du(k)+Gf (k) +e(k)

where u(k) and f (k) can be regarded as two external and

deterministic input signals, and in equation (4), f (k) denotes

the given fault. When output trajectory is given, the expected

output trajectory is used to quality the output data at future

time instant. An approximate choice of the control input is

obtained through minimizing the measurement error, i.e. it

leads to one problem of designing predictive controller.
Define state, input and fault as that respectively.

9p=A-KC, B=B-KD, E=E-KG (5)

When closed loop system is minimal realization, i.e.
@=A-KC is stable, x(k),u(k) and y(k) are all bounded

at any time instant k .

3. Output Estimation in Subspace
Predictive Control

To study subspace predictive control, the first step is to give
the future output estimation at future time instant, and the
output estimation can be computed by using equation (6). As
the residual is generated in more than one sample sliding

horizon, i.e. sliding horizon level is[k—L+1,k] , L 1is the
output horizon level. Similar to derivation of equation (9), the
time index k in equation (9) is replaced by time index
k—L+Lk—-L+1,..... k , then we obtain one column vector
as.

G

Similarly define block vector u,, and ¢, ; , and let

Yy :[y(k—L+l) y(k—L+2)

[k—L— p+l k—L] be past sliding window, p is past

horizon level, then output equation is formulated as follows.
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y(k-1+1)] | C@(k-L-p+1)
y(k=L+2)|_|C@Pi(k-L-p+2)
v (k) C@'x(k~p)
bk,L
Cg'B Cce K CgB  Cok CB  CK D 0 1
L0 0 C¢'B Cce’'K CgB CgK CB CK D 0
0 0 C¢’'B Cg'K C¢ Kk CB CK D 0]
- . (6)
u (k -L-p+ 1)
y (k -L-p+ 1)
; [ (k-L-p+)]
u(k-1L) e(k-L+1)] |C@'E Co~’E CE G 0 ;
(o v(k=L) | Je(k-L+2)| | 0 coT'E coE CE G 0 f(k-1)
u(k=L+1) : : : f(e=L+1)
v(k L +1) e(k) 0 Co'E CF'E CyE CE G 5
: | )]
u(k)
L)
Let all block Hankel matrices be that respectively.
[cg'B cor'K CB  CK
HLw = 0 0 C¢’'B C¢ 'K CgB CgK ’
|0 0 C¢’'B Cgr 'K
[c'E corE CoE CE
_1 ~ ~
I o ™)
|0 Cy''E
0 D G 0
CK 0 CB D CE G
TyL = : > EL - : > Tf = :
Cgr*K C¢rK 0 C¢™*B C¢B D C¢F*E C¢°E G
Combining input-output within past sliding window as
Vip =bep * HzL’pzk—L,p + Tusz,L + Hij’pfk—L,p + T/Lka ter ®
T
(0)=[u(e) ()] sl ] e e s
k,L Jk,L
Collecting input-output measured data sequence within past
sliding window as. Then equation can be rewritten as.
Zr-Lp :[Z(k_L_P"'l) Z(k_L‘P"'Z) Z(k—L)T YL :bk,L"'[HzL’p TuLJZk,up"'[H;’p T/L':|f)c,L+p+ek,L )
e LTS

Using above defined notations, a
corresponding to equation (13) is obtained.

simplified form

[ ¢r

Then
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Vir =1 ¥ 0.2 1) Y PrSirep T

where equation is our output estimation for subspace
predictive control, but z; ;,, includes vector y, ; , so one

suitable matrix transformation is used to eliminate vector

Yoo oz p,, . After completing these derivations, our
obtained output estimation can be substituted into objection

function in the next subspace predictive control strategy.

4. Dual Decompose for Subspace
Predictive Control
As subspace predictive control belongs to predictive control
field [8], so the future control input is solved as an optimal

solution of an optimization problem. Assume the expected
output trajectory is priori known as.

Vir = [VkT—LH VkTT

The common used quadratic objective function is given in
predictive control field.

(10)

42

J (“k,L) = (f’k,L VL )T 0} (f’k,L Vi ) +”ZL Ruy ;. (11)

where two matrices ¢, and R are positive definite weight
matrices, and the decision variables are combined as follows.

o (1)

But in objective function, only the second term is the
explicit function of future control input, and the first term
includes u; , implicitly. To expand equation, we need to

U p =[uT (k—L+1)

expand the first term as an explicit function about. From
equation (11), the predictions with respect to measured data
sequence at future time instant are derived

Vi = HzL’ka—L,p +[H;’p Tf]fk,up +T 7, (12)

Above z;_; , includes past input-output measured data

sequence, but z,_; , also includes future control inputu; ; ,

so we rewrite above output predictions as follows.

7(k=L+1) 0 0 0l p(k-L+1)
plk—L+2 K 0 Ol plk—L+2
L) ppn . pk-1+2)
(k) CHKk CgK 0| (k) 03
D 0 0 u(k-L+1)
CB 0 0 |lu(k-L+2
+ ( ) +|:H;,p Tj'L:Iﬁc,L+p
Co2B Cg™B D u(k)
Transferring and reformulating terms to give
1 0 0] p(k-L+1) D 0 0| u(k-L+1)
K 1 Ol p(k=L+2)|_ ., N CB 0 0 || u(k-L+2)
: . =, ' Zk—L, .
' 1 3 P (14)
-CglK -CgF K 1| (k) Cg 2B Cg K Dl u(k)
+ [H}”’ T/L:If}c,L+p
So the explicit relation between future output predictions and future control input w, ; is obtained.
. D 0 0
! 0 0 o CcB 0 0
. K 1 0 Hz ’ Zk—L,p + uk,L
Vir = X ¢L 5 g 15)
) Cyg"B C¢ K D
-C¢ K -CgK 1 P
+ [H 7Ty }fk,up
Introducing three matrices to simplify above equation.
Vir =NZjepp ¥ Nt ¥ N3 fi1ep (16)
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The construction of three matrices Aj,/\,,/\; is to multiply some certain matrix on z;_; ,,uy 1, f; 1+, respectively. After

substituting equation (16) into objective function for predictive control theory, one following optimization problem is

established.

T
- - _ _ T
min.J/; (“k,L) = (Alzk—L,p REASL T ACY yk,L) X0 (Alzk—L,p REAST T ARy Vk,L)“L”k.L Ruy g

uk.L

Reformulating above equation to get.

min J; (”k,L) = ”kTL (/\ng/\z +R)“k,L +2(ZkT_L O, +f1 NSONA, - VkT,LQl/\z)”k,L
uk,L ’ :

For solving optimization problem (18), we proposed a fast
gradient algorithm to solve a special case with limited input
amplitude in our published paper [8]. Here we extend that
special case to more general case, which includes equality and
inequality constrain conditions. To solve an optimization
problem about predictive controller with equality and
inequality constrain conditions, the dual decomposition is
used to convert the former constrained optimization into an
unconstrained optimization.

To rewrite optimization problem (18) as its more general
form, let

N ON, +R = %H

Z(Z,CT_L,,AIQI/\Z +fT NSOA, _ykT,LQl/\Z) =g’

k.L+p

. 1
sup  inf {E ”,{L Huyp +g"uyp + |, + 4 (Aluk,L - B ) tH, (Azuk,L - Bz) s (M”k,L —m= a’)}

ot 20,4 YL

Reformulating above Lagrange function to get.

Mty 20,485 (MhL

Firstly taking infimum operation on & .
{2l s =i (o] e} ] )
j </
_ Z{ig]f(/‘ |[0’],-| _[a]i[ﬂsl)} _ {O if ||, <

-0 else

where [ ]l, denotes the element of an vector, to take

minimization operation on future control input u, , , set

A=[4 4 M]T,B:[Bl B, m]T»:U:[/Jl H /13JT

Then minimizing objective function (38) on future control
inputu, ; ,, we have

inf{(AT/I+g)T ) +%M{LHM,@L} = —%(AT,U+g)T H™! (AT,u+g) (23)

UL

The dual problem is that

. 1 .
sup {lnf[(Alﬂl + Aoty + M+ g )uy +E”ZLH”I{,L} ~H B~ [ By — fsm +1%f[/1 ], —,u3a]}

a7

(18)

k.L+p 3

One regularization term is added in equation (18), and its
advantage is to guarantee the decision variables not abrupt in
the whole optimization process, i.e. one constrained
optimization problem is given as follows.

. I 7 T
minJ, (u, ; |=—u’ Hu, , +g u,; +A||Mu, , —m
i 2( k,L) Py kL k,L " k,L ”1 (19)
subject to Aluk,L =B, Az”k,L <B,

Introducing Lagrange multiplier vector 4,4, 145 to
obtain the Lagrange function of the above dual problem.

(20)

2

st;p{—%(ATWg)T H (ATt g)- BT/:} (24)

Define negative dual function as.
_lfar T -1 AT T
f(,u)—E(A ,u+g) H (A ,u+g)+B 7

As f ( ,u) includes quadratic term and linear term coming

from semi-definite Hessian matrix, then the gradient of f ( /J)

is computed as.
Of (1) =AH" (AT,u+g)+B

From min-max theorem in convex optimization theory, the
minimum Lipschitz constant ¢ of Of ( /J) is that.

¢=|ara],
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Nearest neighbor gradient algorithm is used to solve dual
problem (41), and its iterative process is given as follows.

i -t e v L (w) o

where ¢ denotes the iteration step, P, is Euclidean projection
operation of g . New iteration value £/ is a negative
gradient projection on the basis of the last iteration value. The
control input of the original optimization problem is set.

tL :H_l(—AT,Ut—g)

_ -l — t—1
ultc,L_H (‘AT,Ut‘g)auzf,L—”;tc,L t+2(u“ “kL)

t+l t

H H t+2(l[ )

" = max {O 7 +t_(lu — 1 ) 7 (AZTL_‘I:,L _B2)}

(=)o o) |

4 =min {/1 max{

5. Conclusion

In this paper, the problem of subspace predictive control is
considered under fault, and the statistical distribution is
derived for residual vector. After formulating the original state
space model as the measured input-output data sequence, one
gradient algorithm is applied to obtain predictive controller by
solving one optimization problem with equality and inequality
constrains. And the dual optimization theory is used to transfer
the original constrain optimization problem as one
unconstrain optimization problem. The asymptotic analysis
about gradient algorithm in subspace predictive control is our
next subject.
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